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Abstract. In this paper, we consider electron acceleration in
the vicinity of X-line and corresponding formation of energy
spectra. We develop an analytical model including the effect
of the electron trapping by electrostatic fields and surfing ac-
celeration. Speiser, Fermi and betatron mechanisms of accel-
eration are also taken into account. Analytical estimates are
verified by the numerical integration of electron trajectories.
The surfing mechanism and adiabatic heating are responsible
for the formation of the double power-law spectrum in agree-
ment with the previous studies. The energy of the spectrum
knee is about ∼150 keV for typical conditions of the Earth
magnetotail. We compare theoretical results with the space-
craft observations of electron double power-law spectra in
the magnetotail and demonstrate that the theory is able to de-
scribe typical energy of the spectra knee. We also estimate
the role of relativistic effects and magnetic field fluctuations
on the electron acceleration: the acceleration is more stable
for relativistic electrons, while fluctuations of the magnetic
field cannot significantly decrease the gained energy for typ-
ical magnetospheric conditions.
Keywords. Magnetospheric physics (Magnetotail; Storms
and substorms) – Space plasma physics (Charged particle
motion and acceleration)
1 Introduction
Charged particle acceleration in the course of magnetic re-
connection is considered now as one of the main mechanisms
producing high-energy electrons in the magnetotail current
sheet (Hoshino, 2005; Drake et al., 2006; Pritchett, 2006;
Oka et al., 2010) and in solar flares (see Hannah and Fletcher,
2006; Litvinenko, 2006; Anastasiadis et al., 2008; Zharkova
et al., 2011, and references therein). Although, electron ac-
celeration in the magnetotail X-line was investigated in sev-
eral targeted experimental studies (see, e.g., Imada et al.,
2007, 2011; Retino` et al., 2008; Asano et al., 2010; Vaivads
et al., 2011) and numerical modellings (see, e.g., Drake et al.,
2006; Pritchett, 2006), many features of electron energy dis-
tributions are still uninvestigated.
The most straightforward method to study the electron ac-
celeration in the vicinity of the X-line is numerical simula-
tion with self-consistent electromagnetic fields, when elec-
tron distribution is shaped by calculations of numerous test-
particle trajectories (Hoshino, 2005; Drake et al., 2006;
Pritchett, 2006; Divin et al., 2010). This method accounts
for many features of acceleration, however, it cannot directly
separate various mechanisms and estimate their effective-
ness. Better physical insight could be given by development
of an analytical theory of charge particle dynamics and accel-
eration in the vicinity of the X-line. Although, such a theory
takes into account only few details of the acceleration pro-
cess and presents results in substantially simplified form, it
is capable of providing us with scalings and estimates of typ-
ical energies.
The analytical models of charged particle dynamics and
acceleration in the X-line geometry can be divided into two
groups. The first group consists of the models of the station-
ary X-line with the external electric field, while the models
from the second group consider dynamical development of
the X-line with the corresponding growth of induction elec-
tric fields (see brief comparison of these two approaches in
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review by Birn et al., 2012). The time scale of such X-line
formation in the magnetotail is a few minutes, i.e., it is com-
parable with the time scale of ion motion (see, e.g., Birn
et al., 2001). As a result, even for the dynamical regime of
the reconnection, the electron acceleration can be considered
as a quasi-stationary process. However, the electric field am-
plitude should be increased due to input of induction fields.
Since the first papers by Bulanov and Sasorov (1976) and
Galeev (1979), charged particle motion in the vicinity of the
X-line was recognised as unstable. This instability results in
a finite time, which particles spend in the acceleration re-
gion. Corresponding energy gain is also limited (see, e.g.,
Zelenyi et al., 1990a; Burkhart et al., 1990; Moses et al.,
1993; Vekstein and Priest, 1995; Litvinenko, 2006). How-
ever, as was shown by Hoshino (2005) electrostatic fields
transverse to the X-line can create local potential minima for
electrons. Trapping of electrons in these potential wells sub-
stantially increases the acceleration time. The effect of the
trapped electron acceleration was also studied for the mag-
netic reconnection with guide field configuration by Egedal
et al. (2008, see also references therein). It is similar to the
well known effect of the charged particle capture by an elec-
trostatic wave (Sagdeev and Shapiro, 1973; Katsouleas and
Dawson, 1983) and, thus, was called surfing acceleration
(Hoshino, 2005).
Additionally to the direct acceleration in the vicinity of
the X-line (where electrons are unmagnetised), other mech-
anisms of acceleration can be involved. At the right and left
flanks of the X-line where the normal component of the mag-
netic field has a finite value, electrons gain energy due to the
Speiser mechanism of acceleration (Speiser, 1967; Shaban-
sky, 1971; Lyons and Speiser, 1982; Ashour-Abdalla et al.,
1995). Roughly speaking, both these mechanisms can be
considered as an unstable particle acceleration in the neutral
plane in the presence of a finite normal component (Ashour-
Abdalla et al., 1993, 1995). Eventually, when electrons pen-
etrate into the region with a strong magnetic field and start
drifting away from the X-line, Fermi and betatron mecha-
nisms contribute to the energy gain (Tverskoy, 1969; Lyons,
1984; Zelenyi et al., 1990b). These two mechanisms are re-
sponsible for the acceleration of particles with small pitch-
angles (i.e., with distant mirror points) and with large pitch-
angles (i.e., trapped inside the current sheet), respectively
(see comparison of these mechanisms for protons in the mag-
netotail in Ashour-Abdalla et al., 1994).
In this paper, we investigate the relation between various
mechanisms of the electron acceleration in the vicinity of the
X-line. We use analytical models of particle dynamics and
numerical calculations of test trajectories. We compare en-
ergy distribution of electrons with spacecraft observations in
the Earth magnetotail. The major attention is given to ob-
servations and modelling of the specific double power-law
spectra of high-energy electrons (>20 keV).
2 Model of electron acceleration in X-line
In this section, we describe various regimes of the electron
acceleration in the vicinity of the X-line. Analytical esti-
mates of gained energy allow us to compare roles of dif-
ferent acceleration mechanisms. As a main result, we ob-
tain the estimate of the energy of the spectrum knee as a
function of the system parameters. This value is compared
with numerical calculations as well as with spacecraft obser-
vations. Each acceleration regime corresponds to the certain
spatial region. We consider the magnetic field configuration
B = σB0(x/Lx)ez +B0(z/Lz)ex, where B0 is the magnetic
field amplitude, Lx and Lz are spatial scales of magnetic
field inhomogeneity along x- and z-directions, respectively,
and the parameter σ determines stretching of field lines (σ =
max(B ·ez)/max(B ·ex)∼ 0.25–0.01). From simple models
of 2-D current sheets, one can estimate σ ≈ 2Lz/Lx (see,
e.g., Lembe`ge and Pellat , 1982). We also assume that in the
spatial domain |x/Lx|< 1, |z/Lz|< 1 constant electrostatic
field Ey is applied.
Here we consider the single-scale model of the X-line, i.e.,
gradient of the magnetic field across the neutral plane z= 0
can be described by one scale, Lz. Numerical simulations
showed that the X-line region can contain several scales cor-
responding to different intensities of the current density car-
ried by various particle populations (see, e.g., Hesse et al.,
2006; Karimabadi et al., 2007; Divin et al., 2010, and refer-
ences therein). For example, accelerated electrons can carry
strong current, which provides a decrease of the scale Lz in
the vicinity of the X-line (Divin et al., 2012). However, here
we assume that population of accelerated electrons is suf-
ficiently small in comparison with the thermal background
population. Thus, we restrict our consideration to the sim-
plest case with single Lz to derive analytical estimates of
electron dynamics and acceleration.
Initial energy of electrons is ε0 and their Larmor radius
ρe in the top and bottom boundaries is ρ0 =√2ε0/me/ω0,
where ω0 = eB0/mec and me is the electron mass. For sim-
plicity, we consider dynamics of nonrelativistic electrons,
while relativistic effects are discussed in Appendix C.
In the vicinity of the X-line, the magnetic field magni-
tude is small enough to consider electrons as unmagnetised
particles. The boundary of this region along the z-direction,
|z| = Lnadz , can be found from the equation ρe(Lnadz )=
ρ0/(z/Lz)= Lnadz (i.e., inside this region electrons are prac-
tically not affected by magnetic field Bx(z), see, e.g., Do-
browolny, 1968): Lnadz =
√
ρ0Lz. This is the boundary of
particle meandering oscillations in the inhomogeneous mag-
netic field Bx(z)∼ z/Lz (see, e.g., Bu¨chner and Zelenyi,
1989). Similarly we estimate the position of the bound-
ary along x-direction: Lnadx =
√
ρ0Lx/σ . In the region |x|<
Lnadx , |z|< Lnadz electrons are non-adiabatic and can gain en-
ergy due to the direct acceleration by the electric field Ey.
The central region of the X-line is surrounded by stretched
magnetic field lines with parabolic form (see schematic
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view in Fig. 1). Particle motion in such a field config-
uration is determined by κ parameter (see Bu¨chner and
Zelenyi, 1989). Because Bz component depends on x we
have κ(x)= (Bz(x)/B0)√Lz/ρ0 = (σx/Lx)√Lz/ρ0. Thus,
we can define the boundary of the region where κ < 1:
L
qad
x = (Lx/σ)√ρ0/Lz =√Lx/σLzLnadx . Inside this region
electrons are quasi-adiabatic particles which gain energy ac-
cordingly to the Speiser mechanism (Speiser, 1965, 1967;
Lyons and Speiser, 1982; Ashour-Abdalla et al., 1994, 1995).
In the region Lx > |x|> Lqadx electrons are magnetised
and their motion is adiabatic with conserved magnetic mo-
ment and longitudinal invariant. Such particles oscillate
along bounce trajectories and move due to the cross-field
drift ∼ cEy/Bz(x) towards the regions with larger mag-
netic field Bz(x). As a result, these particles gain energy ac-
cordingly to the betatron and Fermi mechanisms (Tverskoy,
1969; Lyons, 1984; Zelenyi et al., 1990b).
In this paper, we also consider the electrostatic field E =
σE0(x/Lx)ex −E0(z/Lz)ez. Spatial distribution of compo-
nents of this field is defined from the numerical simulations
(see, e.g., Hoshino, 2005, and references therein). Both com-
ponents of this field are determined by the scalar poten-
tial in the vicinity of the X-line ϕ(x,z)∼ (ϕ0/2)((z/Lz)2 −
(x/Lx)
2), where E0 = ϕ0/Lz and σ ∼ Lz/Lx. This poten-
tial is due to the separation of electron and ion motions in
the Hall region, where ions can be considered as unmagne-
tised, while electrons are still adiabatic. Corresponding com-
ponents of the electric field are Ez ∼−z, Ex ∼ x (see, e.g.,
analytical model by Korovinskiy et al., 2008). The ampli-
tude of the scalar potential ϕ is defined by the pressure bal-
ance and can reach∼ B20/4pin0e ∼ 1–10 keV, where n0 is the
plasma density in the X-line (Divin et al., 2012).
Equations of motion for nonrelativistic electrons can be
written as v˙x =−ω0vy(σx/Lx)−ω0wD(σx/Lx)v˙y =−ω0vD −ω0 (vz(z/Lz)− vx(σx/Lx))
v˙z = ω0vy(z/Lz)+ω0wD(z/Lz)
where wD = cE0/B0 and vD = cEy/B0. We introduce
the following dimensionless variables and parameters:
{x,y,z}/ρ0 → {x,y,z}, {vx,vy,vz}/ω0ρ0 → {vx,vy,vz},
tω0 → t , {wD,vD}/ω0ρ0 → {wD,vD}, ρ0/Lz,x = αz,x,
`z = Lnadz /ρ0 = α−1/2z , `x = Lnadx /ρ0 = (σαx)−1/2,
ˆ`
x = Lqadx /ρ0 = α1/2z (σαx)−1. Dimensional electron en-
ergy is ε/ε0 → ε. In this case one can write v˙x =−αxσx
(
vy +wD
)
v˙y =−vD − (αzvzz−αxσvxx)
v˙z = αzz
(
vy +wD
) (1)
If we assume that the initial current sheet thickness Lz
is about proton Larmor radius ρ0p, then α−1z = ρ0p/ρ0 =√
Tpmp/Teme ≈ 102 for typical conditions of the Earth mag-
netotail where the ratio of proton to electron temperature
is Tp/Te ∼ 3–5 (Artemyev et al., 2011a). The factor of
Fig. 1. Scheme of the modelling domain.
X-line stretching gives Lx/Lz ∼ 10–100 and correspond-
ingly α−1x ∼ 103–104. For the typical X-line in the magne-
totail we have Ey ∼ 1–10 mV m−1 and E0/Ey ∼ 102 (see,
e.g., observations and modelling by Wygant et al., 2005;
Hoshino, 2005). Thermal velocity of magnetotail electrons
is
√
2ε0/me ∼ 104 km s−1 and the amplitude of the magnetic
field is B0 ∼ 10 nT. As a result, we can estimate the param-
eter vD ∼ 10−2–10−1. Parameters `x and ˆ`x are ∼ 102–103
and ∼ 103–104, respectively. The schematic view of all spa-
tial scales in the system is shown in Fig. 1.
To estimate typical energies of electron acceleration, one
should introduce the initial distribution of cold particles. Ac-
cording to common scheme, particles are coming into the re-
connection region due to ∼ Ey/Bx drift from the inflow re-
gions located above and below the X-line. Also certain popu-
lation moving along field lines can approach the X-line from
the flanks (Ashour-Abdalla et al., 1995). Here we would like
to estimate the maximal possible energy gained by electrons.
Thus, we simplify our initial conditions and locate all parti-
cles directly to the X-line, while initial particle velocity x˙(0)
is about the thermal electron velocity. Such initial conditions
restrict our analysis by electrons dropping exactly to the X-
line from the bottom and top inflow regions, while nonzero
x˙(0) provides realistic estimates of energy gain due to natural
limitation of the acceleration time.
2.1 Acceleration in the non-adiabatic region
Let us consider electron acceleration in the region |x|< `x,
|z|< `z. Firstly, we consider the system without electrostatic
fields wD = 0. One can neglect the terms ∼ z and ∼ x in
the second equation of system (1) and obtain expression
vy ≈−tvD. Substituting this expression into first and second
Eqs. (1) we obtain:{
x¨ = tvDαxσx
z¨=−tvDαzz (2)
This system describes electron dynamics in the vicinity of
the X-line. Solution of this system for the initial condition
x(0)= 0, z(0)= 0 is
x(t)= const ·
(
Bi(tα1/3x σ 1/3v
1/3
D )−
√
3Ai(tα1/3x σ 1/3v1/3D )
)
z(t)= const ·
(
Bi(−tα1/3z v1/3D )−
√
3Ai(−tα1/3z v1/3D )
)
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Fig. 2. Two particle trajectories in the system with wD = 0 (solid
curve) and in the system with wD = 1.5 (dotted curve). The gray
circles show initial positions of particles. Gray dotted line and grey
arrows show moment when particles reach the boundary |x| = `x.
where Bi and Ai are the Airy wave functions (see, e.g.,
Divin et al., 2010; Birn et al., 2012, and references
therein). z(t) oscillates, while an amplitude of x(t)
exponentially grows with time. Therefore, inside this
region particles can spend only a finite time interval T nad
defined by the equation x(T nad)≈ `x. We use expan-
sion x(t)≈ x˙(0)t (αxσvD)1/3 + x˙(0)cxt4(αxσvD)4/3 + ..,
where constant cx = 0(2/3)32/3/12pi ≈ 0.1 and 0 is
the gamma function. Assuming the first term to be
small in comparison with the second term, we ob-
tain T nad = (`x/x˙(0)cx)1/4(αxσvD)−1/3. In this case
the maximal gain of energy is εnadmax = (T nadvD)2 =
(`x/x˙(0)cx)1/2(αxσ)−2/3v4/3D ≈ c−1/2x (αxσ)−11/12v4/3D ,
where we assume x˙(0)∼ 1. For typical magnetotail
parameters, we obtain T nad ∼ 150–300 and εnadmax ∼ 10–100.
In the system with the electrostatic field wD 6= 0, we can
rewrite Eqs. (2) as:{
x¨ =−αxσ(wD − tvD)x
z¨= αz(wD − tvD)z
Therefore, particles can spent time ∼ T nad +wD/vD in the
vicinity of the X-line. So, for typical conditions of the re-
connection region in the magnetotail we have wD/vD ∼
(2/3)T nad− (1/2)T nad. Thus, the maximum energy gain can
be estimated as εnadmax ∼ 20–200.
We support our estimates by numerical calculations of par-
ticle trajectories (description of the numerical scheme can
be found in Appendix A). Figure 2 demonstrates two tra-
jectories for the system without electrostatic field and with
wD = 1.5. We show projections of the particle trajectories
onto (x,z) and (y,z) planes and dependencies of vy on time.
One can see, that the presence of a finite wD results in the
increase of energy gain and time, which the particle spends
in the vicinity of the X-line. Component of the Lorentz force
fx =−αxσx(vy+wD) grows slowly with time for the system
Fig. 3. Profiles of potential energy U(bnx′,z)= 12 (bnx′− 12αzz2)2
for two values of bnx′ parameter.
with wD 6= 0 in comparison with the system without electro-
static field.
2.2 Acceleration in the quasi-adiabatic region
Here we consider electron dynamics in the region ˆ`x > |x|>
`x. In this region electrons move along Speiser trajecto-
ries. Without loss of generality, we consider x > 0, where
Bz(x) > 0. In absence of the electrostatic field system (1) can
be written as v˙x =−bnvyv˙y =−vD − (αzvzz− bnvx)
v˙z = αzzvy
(3)
where bn = αxσx ≈ const  1, because electron gyroradius
in the neutral plane ∼ ρ0/bn is substantially smaller than
Lx. We introduce new variables v′x = vx − vD/bn, x′ = x−
vDt/bn+ y˙0, where y˙0 is an initial value of vy. Then we inte-
grate the second equation of system (3) and substitute it into
two other equations:{
x¨′+ b2nx′ = 12αzbnz2
z¨= αzz
(
bnx
′− 12αzz2
) (4)
Because bn  1 variables (bnx′,v′x) are slow in comparison
with variables (z,vz). Assuming x′ to be constant, we inte-
grate the second equation of system (4)
1
2v
2
z = const+ 12
(
bnx
′− 12αzz2
)2
z coordinate oscillates in the potential well U(bnx′,z)=
1
2 (bnx
′− 12αzz2)2. Profiles of U(bnx′,z) for various x′ are
shown in Fig. 3. Electrons can oscillate in one of two possi-
ble potential wells, when average z is not equal to zero (these
oscillations correspond to electron motion far from the neu-
tral plane), or can oscillate inside the single potential well
(i.e., across the neutral plane) with average z= 0 (more de-
tailed description of particle dynamics in the system under
consideration can be found in Sonnerup, 1971; Bu¨chner and
Zelenyi, 1986, 1989; Chen, 1992).
In the vicinity of the neutral plane electrons oscillate
across z= 0. After averaging over fast variables (z,vz) for
the first equation of system (4) we have x′ ∼ const ·sin(bnt+
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const), i.e., x′ changes periodically. Therefore, the capture
into the region of oscillations inside the single potential well
and escape from this regime occur with the same value of
x′ and, as a result, with opposite values of v′x: v′x,escape =
−v′x,capture. Because v′x,capture = vx,capture − vD/bn one can
write vx, escape =−vx,capture + 2vD/bn, i.e., particle interac-
tion with the current sheet results in the energy gain
1ε = 12 (
√
2εcapture + 2vD/bn)2 − εcapture
= 2(vD/bn)
√
2εcapture + 2(vD/bn)2
where vx,capture ≈−
√
2εcapture. Such energy gain on Speiser
orbit could be understood by the simple analogy with the
interaction of an elastic body with a moving wall (Speiser,
1967; Shabansky, 1971; Cowley and Shull Jr., 1983).
Here we also can notice, that for the system with elec-
trostatic field wD 6= 0 one can easily obtain the same en-
ergy gain using the shift vy → vy +wD, i.e., the drift Ez/Bx
does not change the energy gain. Therefore, the final en-
ergy varies with the x-coordinate of the region, where elec-
trons interact with the current sheet: εqad ∈ 12 [(
√
2εcapture +
2vD/α1/2z )2, (
√
2εcapture + 2vD/(σαx)1/2)2] (due to bn =
αxσx and x ∈ [ ˆ`x,`x]). Here εcapture = εnad for electrons
coming from the region of the direct acceleration and
εcapture = ε0 for other particles.
The numerical example of the typical Speiser trajectory is
presented in Fig. 4. We show particle trajectory in 3-D space
and projections onto (x,z) and (y,z) planes. Particle energy
is shown in a third panel. One can easily distinguish fragment
of trajectory looking like a half-rotation in the neutral plane.
Corresponding energy gain is shown in bottom panel.
Roughly speaking, the Speiser meichanism of the particle
acceleration in the vicinity of X-line gives maximum energy
value similar to estimates for the direct acceleration in the
nonadiabatic region for the exponential estimate of T nad ∼
(σvDαx)
−1/3
. Speiser energy is εˆ ∼ (vD/bn)2, where bn ∼
αxσ xˆ and xˆ corresponds to the boundary of the nonadia-
batic region for initially cold particles, i.e., xˆ ∼ εˆ1/4α1/2z /αx.
Electrons can not rotate in the neutral plane closer to the
X-line due to the finite amplitude of oscillations around
Bz ∼ 0. Then we obtain εˆ ∼ (vD(σαxεˆ1/2)−1/2)2 and εˆ ∼
v
4/3
D /(σαx)
2/3 ∼ (vDT nad)2. These estimates show that the
Speiser acceleration of cold particles coming to the X-line
from the left and right flanks is limited due to the instability
of acceleration in the vicinity of the X-line. Moreover, the
same estimates for the nonadiabatic region and the Speiser
acceleration with xˆ ∼ ε1/4 show that we choose correct ap-
proximation of x(t) function. Strictly speaking, we should
take into account the increase of electron energy to estimate
the position of the `x boundary. However, x(t) has the expo-
nential asymptote for large t , and T nad slightly depends on
`x (T nad ∼ ln`x, see Bulanov and Sasorov, 1976). Above to
estimate εnad we neglect dependence of `x on ε. Since we
obtain εnad ≈ εˆ, our approximations are correct.
Fig. 4. Trajectory of Speiser particle in the region of quasi-adiabatic
motion ˆ`x > |x|> `x. Also energy evolution is shown.
2.3 Acceleration in the adiabatic region
When electrons leave the region of quasi-adiabatic motion,
they pass through the stochastic region with κ ∼ 1. In this
region scattering results in isotropisation of electrons. Then
electrons get to the region of the adiabatic motion (κ > 1)
with energy εqad. Due to the presence of Ey electrons drift to-
wards the region with spatially growing magnetic field Bz(x)
and gain energy accordingly to the betatron mechanism. As
a result, their final energy is
εad = εqad(1/αx ˆ`x)= (σ/α1/2z )εqad
where αxσ ˆ`x is the magnetic field value at the boundary
x = ˆ`x, while σ is the magnetic field value at the boundary
|x| = α−1x . Therefore, due to the betatron acceleration, elec-
trons can increase their energy by one order of magnitude
(for σ = 10−2). Here we assume that relatively strong elec-
tric field Ey exists until |x/Lx|< 1 and all electrons have rel-
atively large pitch-angles to drift in the vicinity of the neutral
plane. For the realistic magnetotail condition the region ofEy
localisation can be smaller. Moreover, electrons with small
pitch-angles gain energy as ∼ Bλz , where 2/5 < λ < 1 (see,
e.g., Tverskoy, 1969; Lyons, 1984; Zelenyi et al., 1990b). As
a result, a factor of energy increase εad/εqad can be smaller
than σ/α1/2z by a factor of two-three.
Two adiabatic particle trajectories are presented in Fig. 5.
We calculate trajectories with the different initial pitch-
angles and, as a result, with different distances from the neu-
tral plane to mirror points. One can see, that the second tra-
jectory has more distant mirror points and energy gain with
time for this particle is lower.
2.4 Formation of energy distribution
We obtain two typical values of energy corresponding to the
various mechanisms of acceleration:
ε1 ≈ (
√
εnad +√2vD/(σαx)1/2)2 ≈ 30−300
ε2 ≈ (σ/α1/2z )ε1 ≈ 50−500
www.ann-geophys.net/31/91/2013/ Ann. Geophys., 31, 91–106, 2013
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Fig. 5. Two trajectories of adiabatic particles with different initial pitch-angles. Left panels corresponds to large pitch-angle, while right panels
show results for small pitch-angle. Also evolutions of the particle energies, ε, with time and as a function of x-coordinate are presented.
Fig. 6. Energy distribution of particles in the system with vD =
0.025, wD = 0.5.
Here ε1 is the energy of electrons after acceleration in the X-
line due to capture by the electrostatic field, ε2 corresponds
to the additional betatron acceleration. All energies are nor-
malised on the initial value ε0 ∼ 1 keV (actually, direct ac-
celeration in the X-line does not depend on the initial par-
ticle energy and the normalisation on ε0 comes from the
normalisation of spatial parameters on the typical electron
Larmor radius). Therefore, for energy distribution we sup-
pose to obtain two fragments ε < ε1 and ε1 < ε < ε2 (such
double structure of energy distribution has been shown be-
fore by Hoshino, 2005). The first fragment corresponds to
the electrons accelerated inside the non-adiabatic and quasi-
adiabatic regions. The second fragment includes particles ad-
ditionally gain energy due to the adiabatic mechanism. Adia-
batic heating is effective only for electrons leaving the quasi-
adiabatic region with large pitch-angles. Due to geometry of
magnetic field lines majority of electrons has small pitch-
angles (i.e., these accelerated particles move approximately
along field lines) and does not contribute to the second frag-
ment of the energy distribution. Therefore, population of par-
ticles additionally accelerated by the adiabatic mechanism
would be smaller, than population initially accelerated in
the X-line. Then the second fragment of energy spectra for
ε > ε1 should be steeper than the fragment ε < ε1.
We numerically integrate 1.5×106 trajectories (see details
in Appendix A) and collect energy distribution at the bound-
ary |x| = α−1x (Fig. 6). One can see the typical double power-
law structure of the distribution ∼ εr with two different r-
values. The energy of the knee is ε∗ ∼ 140. The slopes of
spectrum are ∼−3 and ∼−6. If we transform N(ε) to flux
dependence on ε, then corresponding slopes are r ∼−3.5
and r ∼−6.5. Because ε∗ ∼ ε1 (for used parameters ε1 ≈
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Table 1. List of events. For the event marked by @ Geotail observations show |Vx| ∼300 km s−1.
N date |Vx| ε∗ r1 r2 (X,Y,Z)inb
km s−1 keV RE
1 28 Nov 1995, 10:00–12:00 100@ 80 −2 −4 (−12, −2.0, −2.5)
2 15 Dec 1995, 10:02–04:00 no data 50 −2 −4 (−24, 9.5, −2.0)
3 23 Dec 1996, 00:30–01:00 200 90 −2.5 −5 (−18, 10, −4.0)
4 26 Oct 1997, 00:20–00:40 400 100 −2 −8 (−24, −13, −2.7)
5 10 Nov 1997, 00:00–00:20 300 150 −3 −6 (−25, −7.0, −2.6)
6 21 Oct 1998, 07:40–08:20 200 150 −3 −6 (−21, −17, 0.5)
7 1 Dec 1998, 15:00–15:40 800 90 −3 −6 (−21, −17, 0.5)
8 16 Dec 1998, 14:30–16:30 800 250 −3 −6 (−24, 10 , −4.0)
Fig. 7. Positions of Interball-tail and Geotail spacecraft on
28 November 1995 from 10:00 to 12:00.
140, where αz = 10−2, αx = 10−3, vD = 0.025, and wD =
0.5), we can conclude that our simplified analytical model
describes the main features of the electron acceleration.
3 Spacecraft observations
In this paper, we compare our analytical estimates of the elec-
tron acceleration with spacecraft observations in the Earth’s
magnetotail. We find three events of relatively long (duration
more than 10 min) observations of double power-law spectra
by Interball-tail spacecraft in the vicinity of the current sheet
neutral plane. DOK2 experiment (Lutsenko et al., 1998) on-
board this spacecraft collects energetic electron (and ion)
energy distributions with the uniquely high resolution (∼5–
7 keV) and can distinguish the fine structure of high energy
tails (see, e.g., Lutsenko and Kudela, 1999; Artemyev et al.,
2012). We use magnetic field from ASPI/MFI-M experiment
(Klimov et al., 1997), moments of low-energy ions from
CORALL experiment (Yermolaev et al., 1997) and electron
density from ELECTRON experiment (Sauvaud et al., 1997).
During each event Geotail spacecraft was located in the mag-
netotail and we present corresponding data of simultaneous
observations. We use magnetic field from FGM experiment
(Kokubun et al., 1994), moments of low energy ions from
LEP experiment (Mukai et al., 1994) and flux of high en-
ergy electrons from EPIC experiment (Williams et al., 1994).
We also plot magnetic field and plasma velocity observed
in solar wind (OMNI data are obtained from CDAWEB site
http://cdaweb.gsfc.nasa.gov/). Dates of three events with po-
sitions of Interball-tail and Geotail are presented in Table 1.
All data are presented in the GSM coordinate system.
Additionally to three long events, we select five events
with duration around 1–3 min, when DOK2 also detected
electron double power-law spectra (see Table 1, #4–8). Un-
fortunately, we did not succeed in finding the simultaneous
observations made by Geotail for these five events. Thus, in
this paper, we present only eight events of observations of
double-power law energy distributions. We restrict our anal-
ysis by these events due to their relatively long duration (even
short events contain few spectra with the same form). Total
statistics of Interball-tail for five years of observations (form
1995 to 1999) includes more examples of double-power law
energy distributions detected in the magnetotail. However,
major observed events consist of only single double-power
law spectrum. Here we discuss only average energy distribu-
tion, when the reliability of data is better.
3.1 Event 28 November 1995, 10:00–12:00
On 28 November 1995 from 10:00 to 12:00 Interball-tail and
Geotail were in the vicinity of the neutral plane of the Earth
magnetotail current sheet (Fig. 7). Both spacecraft were at
the dawn flank near midnight (Ygeo ≈−6RE and Yinb ≈
−2RE). Geotail was in the deep tail with Xgeo ≈−28RE and
Interball-tail was in the near-Earth tail with Xinb ≈−12RE.
During selected time interval both spacecraft observed
two increases of plasma bulk velocity which can be asso-
ciated with a local magnetic reconnection (see Fig. 8, left
column). First event was detected by Geotail as succes-
sive observations of earthward (at 10:00–10:15) and tailward
(at 10:15–10:40) flows with amplitude around ∼400 km s−1.
During this event Interball-tail was located at some distance
from the neutral plane (Bx ∼ 20 nT) and detected only small
variations of ion bulk velocity < 100 km s−1. Then around
11:30 Interball-tail observed earthward flow ∼ 300 km s−1
and Geotail observed tailward flow ∼400 km s−1, while both
spacecraft approached the neutral plane (this event was in-
dentified as the reconnection pulse and described in details
by Petrukovich et al., 1998). During the second event DOK2
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Fig. 8. Magnetic field, ion moments and electron density from Interball-tail and Geotail spacecraft. Fluxes of high-energy electrons from
EPIC and DOK2. Periods of observations of double power-law spectra are shown by the colour grey.
instrument onboard Interball-tail did not operate. However,
in the first event Interball-tail observed the increase of flux
of high-energy electrons (this time period is shown by the
colour grey in Fig. 8). Simultaneously EPIC device onboard
Geotail detected the increase of flux of high-energy electrons
(Fig. 8). Unfortunately, for this period we do not have any
data of solar wind conditions.
Fluxes of high-energy electrons collected by DOK2 for
three energy ranges (last panel in Fig. 8) show that event is
characterised by the flux increase around 50 keV with weaker
flux variation for smaller energies. The spectrum of high-
energy electrons observed by Interball-tail is presented in
Fig. 9a. One can see the double power-law profile with the
energy of the knee around ∼70–80 keV. Such structure of
the energy distribution was stably observed during fifteen
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Fig. 9. Spectra of high-energy electrons observed by Interball-tail for three long events 28 November 1995, 10:00–12:00 (a), 15 Decem-
ber 1996, 02:00–04:00 (b), 16 December 1998, 14:30–16:30 (c), and for five short events (dates are presented inside panels).
minutes, while Geotail observed tailward plasma flow. One
can also notice the small maximum of flux around ∼70 keV
pointing out to the multicomponent high-energy electron
population coming with fast plasma flow.
Using a technique described by Imada et al. (2011) one
can estimate current sheet thickness from vertical pressure
balance and particle currents collected by LEP during period
10:00–10:15 and around 11:30. For the first period we obtain
current sheet thickness around 104 km (more than 10ρ0p) and
electric field estimation v×B gives 2 mV m−1. These values
are by one order of magnitude larger (for current sheet thick-
ness) and smaller (for electric field) in comparison with the
direct observations in the vicinity of the active X-line (see,
e.g., Wygant et al., 2005; Retino` et al., 2008; Vaivads et al.,
2011). Therefore, here we likely observe particle flow com-
ing from a distant reconnection region rather than local ac-
celeration process.
3.2 Event 15 December 199, 02:00–04:00
On 15 December 1996 from 02:00 to 04:00 Interball-tail and
Geotail were in the vicinity of the neutral plane of the Earth
magnetotail current sheet (Fig. 10). Both spacecraft were at
the dusk flank (Ygeo ≈ 12RE and Yinb ≈ 9RE). Interball-tail
was in Xinb ≈−24RE and Geotail was in the near-Earth tail
with Xgeo ≈−8RE. However, Ygeo coordinate is larger than
Xgeo and Geotail was located at a deep flank. Before 03:30
conditions of solar wind correspond to the negative Bz com-
ponent with two successive reversals (Fig. 10).
From 03:00 to 03:30 Interball-tail crossed the neutral plane
(data are shown in Fig. 8, middle column). Unfortunately,
Fig. 10. Positions of Interball and Geotail spacecraft on 15 Decem-
ber 1996 from 02:00 to 04:00. OMNI data: magnetic field and solar
wind velocity.
CORALL device was not operating during this time inter-
val and we could not recover the activity level. During the
crossing of the neutral plane DOK2 onboard Interball-tail ob-
served the increase of flux of high-energy electrons (this time
period is shown by the colour grey in Fig. 8). During time
period 03:00–03:30 Geotail observed an increase of plasma
density and bulk velocity along the Z-direction. This flow
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Fig. 11. Positions of Interball-tail and Geotail spacecraft on 15 De-
cember 1996 from 02:00 to 04:00. OMNI data: magnetic field and
solar wind velocity.
could have no relation to observations of high-energy elec-
trons by Interball-tail, because Geotail was located at the dis-
tance of 4RE from Interball-tail dawnward. EPIC instrument
demonstrated only a weak increase of electron flux for this
event (Fig. 8). Therefore, this event has substantially poorer
in information in comparison with the previous one.
As in the previous event, increase of the flux of high-
energy electrons detected by DOK2 was at the energy
∼50 keV without similar variations of smaller energy fluxes.
For this event, the observed spectrum of high-energy elec-
trons in Interball-tail is presented in Fig. 9b. One can see
the double power-law profiles with the energy of the knee
∼50 keV. Duration of observations of this double power-law
spectrum is about twenty minutes.
3.3 Event 16 December 1998, 14:30–16:30
On 16 December 1998 from 14:30 to 16:30, Interball-tail
and Geotail were in the vicinity of the neutral plane at
different flanks (Fig. 11): Interball-tail was in the dusk
flank (Yinb ≈ 10RE), while Geotail was in the dawn flank
(Ygeo ≈−20RE). The separation of spacecraft along Earth-
Sun direction is only ∼ 2RE (Xgeo ≈−22.5RE and Xinb ≈
−24.5RE). Due to large difference between Yinb and Ygeo co-
ordinates conjugate observations of two spacecraft were im-
possible, but we still can use Geotail data to estimate the gen-
eral level of activity. During this period there was negative Bz
in the solar wind (Fig. 11).
Starting from 15:00 and up to 16:30 Interball-tail and Geo-
tail observed sporadic increases of plasma flows with am-
plitudes around 400–500 km s−1 (data are in Fig. 8, right
column). During the neutral plane crossing Interball-tail ob-
served the increase of flux of high-energy electrons (this time
period is shown by the colour grey in Fig. 8). Component
Bz changed its sign and By was relatively large. CORALL
detected fast ion flows (mainly along dawn-dusk direction).
Geotail was far from Interbal-tail and could not detect the
same event. However, during time period under considera-
tion, Geotail observed fast earthward/tailward flows. EPIC
demonstrated periodical increases of electron flux for this
time interval.
Increase of flux of high-energy electrons at Interball-tail
position corresponds now to energy around ∼100 keV (com-
pare with observations shown for two previous events in
Fig. 8). The spectrum of high-energy electrons observed by
DOK2 is presented in Fig. 9c. One can see the double power-
law profiles with the energy of the knee ∼280 keV.
3.4 Short time events
During periods inside the plasma sheet Interball-tail always
observed small-scale (duration less than 5 min) fast plasma
flows. Around these observations DOK2 often detected in-
creases of high-energy electron fluxes. While above we
present three events when the observations of high-energy
electrons can be associated with plasma flows due to long
duration of events (more than 10 min), such comparison be-
tween proton flows and electron fluxes is not straightfor-
wardly appropriate for short time events, when variations of
electron fluxes take less than five minutes. In this section,
we show such observations of electron flux increases without
strong connection to plasma flows. However, all events were
observed in the vicinity of the neutral plane during active pe-
riod, i.e., within several minutes Interball-tail observed pro-
ton flows with amplitude ∼300 km s−1. Due to shortness of
events there is no possibility to find any correlation between
Interball-tail and Geotail observations.
High-energy electron spectra are presented in Fig. 9 (pan-
els d–h). One can see typical double power-law spectra with
the energy of the knee around ∼100 keV for all events. In-
dexes of energy distribution ∼ εr is about r ∼−6 for the
second slope and r ∼−3 for the first slope. All profiles are
obtained by averaging in time several consecutively collected
spectra. All slopes and knee energies are summarised in Ta-
ble 1.
4 Discussion
Double power-law spectra observed in the magnetotail
(Fig. 9) have the slopes r1, r2 similar to slopes obtained
in the numerical calculations and shown in Fig. 6 (see also
Fig. 10 in papers by Imada et al., 2007). Observed energies
of the spectrum knee for majority of cases are ε∗ ∼ 100–
150 keV. If ε0 ∼ 1 keV, then according to the presented model
we have ε∗/ε0 ∼30–300. To obtain ε∗ ∼ 100–150 keV we
need to take Lz ≈ ρ0p ≈ 103 km, Lx ≈ 10ρp ≈ 104 km, Ey ≈
Ann. Geophys., 31, 91–106, 2013 www.ann-geophys.net/31/91/2013/
A. V. Artemyev et al.: Double power-law electron spectra 101
5 mV m−1, and E0 ≈ 100 mV m−1. These are typical param-
eters for the magnetotail. Therefore, our model gives correct
estimates of the spectrum knee energy.
Of course, there are several alternative mechanisms which
can be responsible for electron acceleration in the magneto-
tail. First of all, rapid increase of Bz component due to spon-
taneous current filament disruptions could be responsible for
sharp bursts of the electric field in the vicinity of the neutral
plane (i.e., small scale transient magnetic reconnections). Al-
though such induction electric field accelerates electrons, the
final energy distribution is exponential (see theoretical model
and comparison with observations in Taktakishvili et al.,
1998). Another possible candidate is lower-hybrid waves of-
ten observed in the vicinity of the X-line (see, e.g., Shinohara
et al., 1998; Fujimoto et al., 2011). These waves can effec-
tively accelerate electrons via resonant wave-particle inter-
action. Also more sophisticated mechanisms related to dy-
namics of magnetic islands (see, e.g., Drake et al., 2005; Oka
et al., 2010; Tanaka et al., 2011) could be responsible for ad-
ditional acceleration. Finally, it is unclear how electron holes
observed near the X-line (see review by Fujimoto et al., 2011,
and references therein) can influence electron acceleration.
However, here we notice that neither wave-particle resonant
interaction nor various transient processes related to the re-
connection can produce observed double-power law spectra
(see, e.g., Birn et al., 2004, 2012, and references therein) and
should be considered only as additional effects for the accel-
eration in X-line.
Presence of the electrostatic fields Ex, Ez results in elec-
tron trapping in the vicinity of the X-line. This effect is sim-
ilar to the well known surfatron mechanism of charged parti-
cle acceleration by electrostatic waves (Sagdeev and Shapiro,
1973; Katsouleas and Dawson, 1983; Neishtadt et al., 1989;
Itin et al., 2000), where electric field compensates Lorentz
force v×B, while particles gain energy due to acceleration
along the wave-front. It is worth noting that the similar mech-
anism of Lorentz force compensation by strongly inhomo-
geneous electric field was considered by Cole (1976) and
also was studied for electron heating in collisionless shocks
(e.g., Galeev et al., 1988; Balikhin et al., 1993; Lembe`ge
et al., 2003, and references therein), where the surfatron
mechanism is traditionally considered (Ucer and Shapiro,
2001; Hoshino and Shimada, 2002). For nonrelativistic par-
ticles the velocity vy grows infinitely. Thus, after certain
time the Lorentz force exceeds the force of the electrostatic
field. Therefore, eventually particles should leave the trap-
ping regime, like it was found for classical nonrelativistic
surfatron (Sagdeev and Shapiro, 1973). The situation can be
substantially different for relativistic particles: as was shown
by Katsouleas and Dawson (1983) the natural limitation of
the Lorentz force due to |v/c|< 1 can result in infinite trap-
ping. The similar effect can be obtained in our system of elec-
tron motion in the vicinity of the X-line (see Appendix C).
For particles with initially large energy the acceleration is
more stable, but the infinite trapping is possible only in the
unrealistic case E0/B0 ∼ 1. Although, this situation cannot
be realised in the magnetotail, so intense electric fields could
present in the relativistic reconnection in pulsar magneto-
spheres (see, e.g., Zenitani and Hoshino, 2007; Cerutti et al.,
2012, and references therein), where trapping acceleration
may be responsible for production of high-energy particles.
In the vicinity of the X-line, various plasma instabilities
can develop. This leads to the formation of electromagnetic
field fluctuations (see review by Fujimoto et al., 2011, and
references therein). The role of these fluctuations for particle
acceleration and scattering is a subject of separate studies.
However, here we would like to discuss the influence of high-
frequency magnetic field fluctuations on stability of electron
acceleration in the non-adiabatic region. For example, it was
shown that in the case of classical surfatron acceleration the
magnetic field fluctuations lead to particle escape from the
trapped regime of acceleration (Artemyev et al., 2011b). For
the X-line geometry our estimates demonstrate that fluctua-
tions could substantially change particle dynamics only if the
power spectra density of fluctuations exceeds certain level
(see Appendix B). This level is higher than level of observed
fluctuations. Thus, the trapped acceleration appears to be sta-
ble relative to this effect.
As opposed to nonrelativistic particle interaction with
electrostatic waves (Sagdeev and Shapiro, 1973), where ac-
celeration is limited by finite time of trapped motion, it was
shown that the capture of nonrelativistic particle by electro-
magnetic waves is more stable and particle acceleration can
not be stopped (Neishtadt et al., 2009; Artemyev et al., 2010).
Analogous effect can be obtained for electron acceleration
in the vicinity of the X-line, if Ex component corresponds
to an induction electric field in the developing X-line with
∂Bz/∂t 6= 0 (see Appendix D). During X-line growth, elec-
trons are trapped and gain energy due to direct acceleration
by Ey component. We notice, that explosive growth of the X-
line provides stable acceleration of relativistic electrons even
in the system without Ex, Ez components (Birn et al., 2012).
However, both these mechanisms require time scales of the
X-line dynamics comparable with the time scale of electron
motion. We also mention that additional acceleration by in-
duction electric field can mimic the effect of adiabatic heat-
ing corresponding to increase of magnetic field amplitude
in the vicinity of the X-line. Such an increase is possible in
case of strong external driving of the magnetic reconnection
(Hoshino, 2005; Birn et al., 2005, and references therein) or
due to initial accumulation of magnetic flux in the magneto-
tail current sheet (Sitnov and Swisdak , 2011).
In this paper, we did not discuss the role of the guide field.
However, this component of magnetic field (if exists) is ex-
tremely important for particle dynamics, because it can mag-
netise electrons even in the X-line and support their stable
acceleration (Bulanov, 1980; Browning and Vekstein, 2001;
Egedal et al., 2008). However, the influence of the guide field
on surfatron trapped acceleration is still an open question.
Here we can only mention from Fig. 9, that the knee energy
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of event (b) is lower than for other two events (a) and (c),
and the event (b) seems to have larger By component. There-
fore, our observations point out to possible decrease of effi-
ciency of surfatron acceleration with the increase of strength
of the guide field. Analytical description of formation of en-
ergy distribution in the system with nonzero guide compo-
nent is a substantially more complicated task and we leave it
for further work.
We should notice that presented theory is able to explain
only the value of energy of the spectrum knee, ε∗, while we
did not obtain estimates for slopes r1, r2 of two spectrum
fragments. Analytical estimates of these slope values seem to
be important for comparison with experimental observations.
Such estimates may be obtained by utilising the approach
introduced by Bulanov and Sasorov (1976); Galeev (1979);
Zelenyi et al. (1990a). We left this piece of work for further
publications.
5 Conclusions
In this paper, we develop the analytical model of electron
acceleration in the vicinity of the X-line based on con-
cept of surfing acceleration mechanism proposed by Hoshino
(2005). We show that accelerated electrons form energy
spectra with typical double power-law structure and estimate
the energy of the spectrum knee ε∗. For typical conditions
of the Earth magnetotail we obtain ε∗ ∼ 100–150 keV. Our
model predicts more stable acceleration for electrons with
larger initial energies.
We select several events of spacecraft (Interball and Geo-
tail) observations of the double power-law spectra in the
vicinity of the X-line in the magnetotail. Our comparison
of theory with spacecraft observation demonstrates that the
model can reproduce their main features.
Appendix A
Test particle approach
We present electrons trajectories and energy distributions ob-
tained by numerical integration of Hamiltonian equations of
motion. The following configuration of magnetic and electric
fields is used for integration of trajectories:
Bx/B0 = αzz, |z|< α−1z , |x|< α−1x
Bz/B0 = αxx, |z|< α−1z , |x|< α−1x
cEy/ρ0ω0B0 = vD, |z|< α−1z , |x|< α−1x
cE0/ρ0ω0B0 = wD, |z|< `z, |x|< `x
We suppose that magnetic field is stationary (i.e., ∂B/∂t =
0). Thus, Ex and Ez are components of electrostatic field.
These components are not equal to zero only inside the
domain of non-adiabatic electron motion |x|< `x, |z|< `z.
Electric field Ey is present in the whole domain of modelling.
In order to obtain the energy distribution, we run 1.5×106
particles starting from x = 0, z= 0 point with randomly dis-
tributed initial velocities. Initial energy is distributed accord-
ingly to the Maxwell function with temperature ε0.
Appendix B
Stability of acceleration
In this Appendix, we consider stability of the particle accel-
eration in the domain of non-adiabatic motion. We suppose
that high-frequency fluctuations δBz of the magnetic field ex-
ist in the system:
v˙x =−αxσx (wD − tvD)+ tvDδbz (B1)
Here we use the normalisation δbz = δBz/B0. Frequency of
fluctuations is ω and the dimensionless period τ = ω0/ω is
much smaller than the typical time scale of particle dynamics
∼ (vDαxσ)−1/3. In this case, we can separate the time scales
and write the solution of Eq. (B1) as a sum vx = v(0)x + v(δ)x ,
where v(0)x is solution for the system without δbz. Velocity
fluctuations for a given moment ti = iτ can be written as
1v
(δ)
x (ti)= tivDδbz(ti)τ . Assuming statistical independence
of fluctuations (i.e., 〈δbz(ti)δbz(tj )〉 = 0 if i 6= j ) one can
write the expression for velocity fluctuations:
v(δ)x ∼
√∑
i
(
1v
(δ)
x (ti)
)2 ∼ t3/2vD√σzτ
where σz = 〈δb2z (ti)〉 is the variance of δbz distribution. After
integration we obtain corresponding evolution of coordinate:
x(δ) ∼ vDt5/2√σzτ
Therefore, electrons reach the boundary x ∼ `x in time
period T (δ) ∼ `2/5x v−2/5D (σzτ)−1/5. If T (δ) < T nad ∼
`
1/4
x (αxσvD)
−1/3 then the influence of magnetic field fluctu-
ations can substantially reduce time of particle acceleration.
This inequality can be rewritten as:
σzτ > α
31/12
x α
−1/6
z v
−1/3
D ∼ 10−6
In dimensional form, we can write δB2z /ω > 1 nT2 Hz−1 for
ω > 100 Hz, where we assume B0 ∼ 10 nT. Fluctuations of
magnetic field with so strong power spectral density are not
observed (see, e.g., Hoshino et al., 1994; Petrukovich, 2005;
Fujimoto et al., 2011, and references therein). Therefore,
we can conclude that small-scale fluctuations of magnetic
field cannot stop particle acceleration in the domain of non-
adiabatic motion.
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Appendix C
Relativistic regime
This Appendix is devoted to the consideration of the rela-
tivistic electron motion in the vicinity of the X-line. Hamil-
tonian equations of motion in this case are p˙x/me =−ω0σvy(x/Lx)−ω0σwD(x/Lx)p˙y/me =−ω0vD −ω0 (vz(z/Lz)− vxσ(x/Lx))
p˙z/me = ω0vy(z/Lz)+ω0wD(z/Lz)
where {px,py,pz} are components of electron mo-
mentum. We introduce dimensionless variables:
{vx,vy,vz}/c→ {vx,vy,vz}/c, {px,py,pz}/mec→
{px,py,pz}, {x,y,z}ω0/c→ {x,y,z}, βx,z = c/Lx,zω0,
tω→ t , vD,wD/c→ vD,wD, and dimensionless energy
γ =
√
1+p2x +p2y +p2z . Considering particle motion in the
vicinity of X-line we obtain vy = py/γ ≈−tvD/γ . Then we
can rewrite system of equations
γ 2x¨+ γ γ˙ x˙ =−σβxx (γwD − tvD)
γ 2z¨+ γ γ˙ z˙= βzz(γwD − tvD)
γ =√1+ (vDt)2 +p2z +p2x
For high energy particles (γ ∼ vDt) we obtain{
t x¨+ x˙ =−σβx
vD
x (wD − 1)
t z¨+ z˙= βz
vD
z(wD − 1)
Solution of this system is
x(t)= const · I0
(
2
√
σβx
vD
(1−wD)t
)
z(t)= const · J0
(
2
√
βz
vD
(1−wD)t
)
Here I0, J0 are Bessel functions of imaginary and real
arguments, respectively. The absolute value of x coor-
dinate increases exponentially with time. Thus, electrons
can spend in the vicinity of the X-line only time inter-
val T nad ≈ (σβx)−1vD/(1−wD). Corresponding energy gain
is γ ∼ vDT nad = (σβx)−1v2D/(1−wD). Therefore, electrons
can gain substantial energy if 1−wD is close to zero.
To check dependence γ ∼ 1/(1−wD) we integrate numer-
ically three trajectories with various wD. Figure C1 shows
that increase of wD parameter leads to increase of energy
gain γ inside the domain |x|< `x in agreement with the scal-
ing γ ∼ 1/(1−wD).
Appendix D
Effect of induction field
We consider the system with evolution of Bz = σB0αx(t)x
component and corresponding component of induction elec-
tric field Ex = (σB0ρ0ω0/c)α˙x(t)xy. Equation of particle
Fig. C1. Three particle trajectories and energy as a function of x co-
ordinate are shown for various wD. We use vD = 0.01, βx = 10−3
and βz = 10−2.
motion along x-direction in this case has the form:
v˙x =−σx
(
αxvy + α˙xy
)
where vy ≈−vDt and y ≈−(1/2)vDt2. Substituting expres-
sions for vy and y into the equation of motion, we obtain:
v˙x = σxvDt
(
αx + 12 α˙xt
)
Then if αx ∼ t−n and n > 2 we have x¨ =−σxvDt1−n(n−
2)/2 and motion along x-direction is stable, i.e., |x(t)|<
const for all t . The dependence αx ∼ t−n corresponds to the
expansion of the X-line (Lx grows).
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